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1 Introduction 



- 1—1 

^ \ The problem of existence and uniqueness of solutions to jump- type stochastic equations 

under non-Lipschitz conditions have been studied by many authors; see, e.g., [H [21 [31 
[T0| [TT| fl3l fl5] and the references therein. In particular, some criteria for the existence 



and pathwise uniqueness of non- negative and general solutions were given in [101 fill U5] . 
Stochastic equations have played important roles in the recent progresses in the study of 
continuous-state branching processes; see, e.g., [51 El fTJ [H] . The main difficulty of path- 
wise uniqueness for jump-type stochastic equations usually comes from the compensated 
Poisson integral term. Let us consider the equation 

dx{t) = <f>(x(t-))dN(t), (1.1) 

where {N(t) : t > 0} is a compensated Poisson process. For each < a < 1 there is a 
a-H61der continuous function <j) so that the pathwise uniqueness for (jl.ip fails. In fact, 
before the first jump of the Poisson process, the above equation reduces to 

dx(t) = -<f)(x(t))dt. (1.2) 



1 Supported by NSFC (No. 11131003), 973 Program (No. 2011CB808001) and 985 Program. 
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Then to assure the pathwise uniqueness for (jl.ip the uniqueness of solution for (|1.2|) is 
necessary. If we set h a (x) = (1 — a)~ 1 x a l^ x>0 y, then both x\(t) = and X2(t) = i 1 ^ 1 "") 
are solutions of (11. 2D with (ft = —h a . From those it is easy to construct two distinct 
solutions of (jl.ip . The key of the pathwise uniqueness results in [11] [T5] is to consider a 
non-decreasing kernel for the compensated Poisson integral term in the stochastic equation. 
The condition was weakened considerably by Fournier [10] for stable driving noses. In fact, 
as a consequence of Theorem 2.2 in |15| . given any x(0) £R there is a pathwise unique 
strong solution to (jl.ip with (ft = h a . On the other hand, the monotonicity assumption 
also excludes some interesting jump-type stochastic equations. Two of them are given 
below. 

Example 1.1 Let z 2 v{dz) be a finite measure on (0,1]. Suppose that M(ds,dz,dr) is a 
compensated Poisson random measure on (0, oo) x (0, l] 2 with intensity dsv(dz)dr. Given 
< x(0) < 1, we consider the stochastic integral equation 

x(t)=x(0)+[ [ [ zq(x(s-),r)M(ds,dz,dr), (1.3) 
Jo Jo Jo 

where 

q(x, r) = l {r <i Ax} - (1 A x)l {x > 0} . 

This equation was introduced by Bertoin and Le Gall [I] in their study of generalized 
Fleming- Viot flows. The existence and uniqueness of a weak solution flow to (jl.3p was 
proved in [4]. The pathwise uniqueness for the equation follows from a result in [7]. The 
result cannot be derived directly from the those in [TTJ [15] since x i-> q(x, r) is not a 
non-decreasing function. 

Example 1.2 Let (lAu 2 )/i(du) be a finite measure on (0, oo). Suppose that N(ds, du, dr) 
is a compensated Poisson random measure on (0,oo) 3 with intensity dsfi(du)dr. Given 
y(0) > 0, we consider the stochastic equation 

pt poo poo 

y(t) = y(0)+ / / g(y(s-), U ,r)N(ds,du,dr), (1.4) 
Jo Jo Jo 

where 

g{x,u,r) = -l {rx < l} x(l - e~ u ). 

Some generalizations of the above equation were introduced by Doring and Barczy [8] in 
the study of self-similar Markov processes. From their results it follows that (jl.4p has a 
pathwise unique non-negative strong solution. Since x \— > g(x, u, r) is not non-decreasing, 
one cannot derive the pathwise uniqueness for (ll.4p from the results in fl~5] . 

In this paper, we give some criteria for the existence and pathwise uniqueness of strong 
solutions of jump-type stochastic equations. The results improve those in \U\ 115] and can 
be applied to equations like (jl.3p and (jl.4p . In Section 2 we give some basic formulations 
of the stochastic equations. Two theorems on the pathwise uniqueness of general solutions 
are presented in Section 3. In Section 4 we prove the existence of weak solutions by a 
martingale problem approach. The main results on the existence and pathwise uniqueness 
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of general strong solutions are given in Section 5. In Section 6 we give some results on 
the existence and pathwise uniqueness of non- negative strong solutions. Throughout this 
paper, we make the conventions 

b p poo r 

= and / = / 

J [a,b] J a J (a,oo) 

for any b > a > 0. Given a function / defined on a subset of R, we write 
A z f(x) = f(x + z)- f(x) and D z f(x) = A z f(x)-f'(x)z 
if the right hand sides are meaningful. 



2 Preliminaries 

Suppose that fio(du) and m(du) are cr-finite measures on the complete separable metric 
spaces Uo and U\, respectively. Throughout this paper, we consider a set of parameters 
(<t, b, go, gi) satisfying the following basic properties: 

• 14 o~(x) is a continuous function on R; 

• xi—)- b(x) is a continuous function on R having the decomposition b = b\ — 62 with 
62 being continuous and non-decreasing; 

• (x,u) 1 y go(x,u) and (x,u) i-> g\(x,u) are Borel functions on R x [To and R x U\, 
respectively. 

Let (0,^,^,P) be a filtered probability space satisfying the usual hypotheses. Let 
{B{t) : t > 0} be a standard (^)-Brownian motion and let {po(t) : t > 0} and : 
t > 0} be (^t)-Poisson point processes on Uo and U\ with characteristic measures fJ-oidu) 
and fj,i(du), respectively. Suppose that {Bit)}, {poit)} and are independent of 

each other. Let Noids,du) and Ni(ds,du) be the Poisson random measures associated 
with {po(t)} and {pi(t)}, respectively. Let Noids,du) be the compensated measure of 
No(ds,du). By a solution to the stochastic equation 

= x{0) + [ a(x(s-))dB(s) + [ [ g (xis-),u)N (ds,du) 
JO JO Ju 

+ I b(x(s-))ds+ [ [ g 1 ixis-),u)N 1 ids,du), (2.1) 
Jo Jo JUi 

we mean a cadlag and (Sft)-adapted real process {x(t)} that satisfies the equation almost 
surely for every t > 0. Since x(s— ) 7^ x(s) for at most countably many s > 0, we can 
also use x(s) instead of x(s-) for the integrals with respect to dBis) and ds on the right 
hand side of (|2.ip . We say pathwise uniqueness holds for (|2.ip if for any two solutions 
{xi(t)} and {x2it)} of the equation satisfying xi(0) = ^2(0) we have x\{t) = X2(t) almost 
surely for every t > 0. Let i^t)t>o be the augmented natural filtration generated by 
{B(t)}, {poit)} and {p±(t)}. A solution {x(t)} of (|2.ip is called a strong solution if it is 
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adapted with respect to {&t)\ see [121 p. 163] or [TH p. 76]. Let U2 C U\ be a set satisfying 
Hi(Ui \ U2) < 00. We also consider the equation 

= x(0) + I a(x(s-))dB(s) + [ [ g (x(s-),u)N (ds,du) 
JO JO Ju 

+ I b(x{s-))ds+ [ [ gi(x(s-),u)N 1 (ds,du). (2.2) 
Jo Jo Ju 2 

Proposition 2.1 If &2.2\) has a strong solution for every given x(0), so does ( 12. ij) . If the 
pathwise uniqueness holds for i2.2\) . it also holds for i2.1\) . 

The above proposition can be proved similarly as Proposition 2.2 in [TTJ . Then all 
conditions in the paper only involve U2 instead of U\. 



3 Pathwise uniqueness 

In this section, we prove some results on the pathwise uniqueness for (I2.2p under non- 
Lipschitz conditions. Suppose that (u, 6, go, g±) are given as in the second section. Let us 
consider the following conditions on the modulus of continuity: 

(3. a) for each integer m > 1 there is a non-decreasing and concave function z 1— > r m (z) on 
M + such that f Q+ r m (z)~ l dz = 00 and 



\h(x) - h(y)\ + \h(x,y,u)\m(du) <r m (\x-y\), \x\,\y\<m, 

where h(x,y,u) = gi(x,u) - gi{y,u); 

(3.b) the function x 1— >■ x + go(x,u) is non-decreasing for all u £ Uq and for each integer 
m > 1 there is a constant K m > such that 



\a(x) - a(y)\ + l (x,y,u)fi (du)<K m \x-y\, \x\,\y\<m, 
Ju 

where l (x, y, u) = g (x, u) - g (y, u). 

Let us define a sequence of functions {4>k} a s follows. For each integer k > define 
0^ = exp{— k(k + l)/2}. Then — > decreasingly as k — > 00 and 



/ z^dz = k, k>l. 



Let x 1 — y ipk{x) be a non-negative continuous function supported by (afc,afc_i) so that 



a k-l 



ipk{x)dx = 1 and ipk{x) < 2(kx) 1 (3-1) 



"A- 



for every at < x < a^-i- For z G R let 



-|z| /-J/ 

<t>k(z) = I d y ^k{x)dx. (3.2) 







It is easy to see that the sequence {4>k} has the following properties: 
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(i) 4>k(z) i — y \z\ non-decreasingly as k — > oo; 

(ii) < 4>' k (z) < 1 for z > and -1 < (f)' k (z) < for z < 0; 

(iii) < \z\<j)l(z) = \z\i[) k (\z\) < 2k" 1 for z G R. 

By Taylor's expansion, for any Ji,(6Rwe have 

D h M() = h 2 J M\C + th\)(l - t)dt < ~h 2 J fe^r (3-3) 
Lemma 3.1 Suppose that + go(x,u) is non-decreasing for u € Uo. Then, for any 

Mo F - 2/ + tlo{x,y,u)\ k\x-y\ 

Proof. The first inequality follows from (|3.3|) . Since x 1— )• x + goC 3 ^ u ) is non-decreasing, for 
x > y £ R we have x — y + lo(x, y, u) > 0, and hence x — y + ^ot^ y, u) > for < i < 1. 
It is elementary to see 

1 l (x,y,u) 2 {l-t) ^ 



o x - y + tl (x,y,u) 

x-y + l (x,y,u) 



l (x,y,u) 







1 



dt 



-x - y + tl Q (x,y,u) 

= [x-y + l Q (x, y, u)\ log H l (x, y, u) 

V x — y / 

< [x - y + lo{x, y, u)\ l {x, y, u) 

x-y 

= Hx,y,u) 2 
x-y 

Then the second inequality in (13. 4p follows by symmetry. □ 

Theorem 3.2 Suppose that conditions (3.a,b) are satisfied. Then the pathwise unique- 
ness for (12.21) holds. 



Proof. By condition (3.b) and Lemma 13-H for satisfying \x\, \y\ < m we have 

ore 

t&ix - y)[a(x) - a(y)] 2 < K m <ft(x - y)\x - y\ < 



k 
and 



Uo 



D l (x,y,u)<Pk{x - y)M du ) < / jj 7—floi.du) < — 

Juo K \ x ~ y\ K 



The right-hand sides of both inequalities tend to zero uniformly on \y\ < m as k — > 00. 
Then the pathwise uniqueness for (|2.2p follows by a simple modification of Proposition 3.1 
in [15]; see also Theorem 3.1 in |llj . □ 

We next introduce some condition that is particularly useful in applications to stochas- 
tic equations driven by Levy processes. The condition is given as follows: 
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(3.c) there is a constant < c < 1 such that x i— > cx + go(x,u) is non-decreasing for all 
u £ Uo and for each integer m > 1 there are constants K m > and p m > such 
that 

\a(x) - a(y)\ 2 < K m \x - y\ and |/ (x, y, u)| < \x - y\ Pm f m (u) 

for |x|,|y| < m, where lo(x,y,u) = go(x,u) — go(y,u) and u \-t f m (u) is a strictly 
positive function on J7 satisfying 

[fm(u) A / m (w) 2 ]//o(du) < OO. 

Uo 

For each m > 1 and the function f m specified in (3.c) we define the constant 

a m = inf \P > 1 : Km x' 3-1 / f m (u)l {fm{u) > x} fi (du) = o}. (3.5) 
By Lemma 2.1 in [15] we have 1 < a m < 2. 

Lemma 3.3 Suppose that condition (3.c) holds. Then for any h > and \x\, \ y\ < m we 
have 

/ D l (x,y,u)(f>k(x ~ y)lM)(du) 
JUo 

< -\x - y\ 2pm - l l {{l _ c) \ x _ y \ <ak _ l} j f m {u) 2 l {fm(u) < h} no{du) 

+ 2\x - y| pm l{(i- c )| a; - 2/ |< 0fe _ 1 } / f m (u)l {fm{u)>h} fi (du). 

JUo 

Proof. We first consider x > y € R. Since x i— )• cx + go(x,u) is non-decreasing, we have 
c(x — y) + lo(x,y,u) > 0, and hence c(x — y) + tlo(x,y,u) > for < t < 1. It follows 
that x — y + i/o(x, y, u) > (1 — c)(x — y) for < t < 1. Then (1 — c)(x — y) > afe_i implies 
x — y + iZo(x, y, u) > a&_i for < i < 1. In view of the equality in (|3.3[) we have 

D i Q {x, y ,u)<t>k{x - y) = if (1 - c)(x - y) > a fe _i. 
By the symmetry of 0fc it is follows that, for arbitrary x,y G R, 

Di (x, y ,u)<Pk{x - y) = if (l-c)\x-y\ >a fe _i. (3.6) 

Then we can use condition (3.c) to get 

Di ( x ,y )U) 4>k{x ~ y) < 2|/o(x,y,n)|l {(1 _ c )( :r _ y ) <afc _ 1 } 

< 2\x - y\ Pm f m (u)l {{1 _ c )\ x _ y \ <ak l} . 

Similarly, by (13. 4h we have 

n a i \ s 2/ (x,y,n) 2 

^l (x,y,u)9k{x ~ V) < U x _ y \ 1 {(l-e)l»-y|<a fc -i} 

2 

< ^|x - y| 2pm " / m («) l{(i- c )|x-w|<a fc _i}- 

Those give the desired result. □ 
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Theorem 3.4 Suppose that conditions (3.a,c) hold with: (i) c = l,a m = 2,p m = 1/2; or 
(ii) c < l,a m < 2, 1 — l/a m < p m < 1/2. Then the pathwise uniqueness holds for (12.2)) . 

Proof. Let us consider the case (i). By Lemma [3.3l for any h > 1 and \x\, \y\ < m we have 

Di Q ( Xt y )U) 4>k{x - y)no(du) 
2 

< - 

- k 



fm(u) lff m ( u )< h} fJ,o(du) + 2V2m / f m (u)l {fm ( u)>h yu. (du) 

Uo JUo 



< T" / 1/mM A f m (u) 2 ]fi (du) + 2V2m I f m (u)l, f i u)>h} fi (du). 
Uo JUo 



k 

By letting k — > oo and h — > oo one can see 



lim / D lo ^y jU) (j) k (x -y)n (du) =0. 



IU 

Then the pathwise uniqueness for (|2.2p follows by a modification of Proposition 3.1 in |15| : 
see also Theorem 3.1 in [llj . The case (ii) follows as in the proof of Proposition 3.3 in 

ng. □ 



We remark that our conditions (3.b) and (3.c) improve similar conditions in [11) 115]. 
where it was assumed that x h-> go(x,u) is non-decreasing for all u £ Uo- The following 
example shows that the global monotonicity of the functions x i— > x + go(x,u) and x i— > 
cx + 30(^1 in conditions (3.b) and (3.c) are necessary to assure the pathwise uniqueness. 

Example 3.5 Let us consider the equation (jl.lh . Let < a < 1 be a constant and define 
the bounded positive a-H61der continuous function 

</>(rE) = (l-a)- 1 (|x| Q A|x-l| a )l {0 < :E < 1} , iGR. (3.7) 

Clearly, this function is nondecreasing in the interval (— 00, 1/2) and nonincreasing in the 
interval (1/2, 00). Let yi(t) = 1 for t > and let 

( l-tV(i-o) for0<t<2 a ~ 1 , 
y 2 (t) = J (2 a - t)V(i-o) for 2 a ~ 1 <t<2 a , 
I for t > 2 a . 

It is elementary to show that both {yi(t)} and {y2(t)} are solutions of (jl.2p satisfying 
2/i(0) = 2/2(0) = 1. Based on {yi(t)} and {2/2^)}, it is easy to construct infinitely many 
solutions of (|1.2p satisfying y(0) = 1. Therefore (jl.ip has infinitely many solutions {x(i)} 
satisfying x(0) = 1. 



4 Weak solutions 

In this section, we prove the existence of the weak solution to (j2.2|) by considering the 
corresponding martingale problem. Let (a, b,go,gi) be given as in the second section. Let 
C 2 (]R) be the set of twice continuously differentiable functions on R which together with 
their derivatives up to the second order are bounded. For i£l and / G C 2 (]R) we define 

Af{x) = \a{xff"(x) + f D go ^ u) f(x)^(du) 
1 JUo 
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+ b(x)f(x) + A gi[x>u) f(x)n x (du). (4.1) 
Ju 2 



To simplify the statements we introduce the following condition: 
(4. a) there is a constant K > such that 



\b(x)\+a(x) + / g (x,u) fM (du) 
Ju 



+ / [\gi(x,u)\ V gi(x,uy]fn(du) < K, x€R. 
Ju 2 

Proposition 4.1 Suppose that condition (4. a) holds. Then a cadlag process {x(t) : t > 0} 
is a weak solution to i2.2\) if and only if for every f E C 2 (R), 

f(x(t)) - /(x(0)) - /* Af(x(s))ds, t > (4.2) 
is a locally bounded martingale. 



o 



Proof. Without loss of generality, we assume x(0) 6l is deterministic. If {x(t) : t > 0} 
is a solution to l\'2.2\) . by Ito's formula it is easy to see that (|4.2|) is a locally bounded 
martingale. Conversely, suppose that fj4.2j) is a martingale for every / € C 2 (IR+). By a 
standard stopping time argument, we have 

x(t) = x(0)+ I b{x{s-))ds+ I ds I g 1 {x{s-), u)m(du) + M(t) 
Jo Jo Ju 2 

for a square-integrable martingale {M(t) : t > 0}. As in the proof of Proposition 4.2 in 
|llj . we obtain the equation (|2.2p on an extension of the probability space by applying 
martingale representation theorems; see, e.g., [121 P-90 an d p. 93]. □ 

Now suppose that conditions (3.a,b) and (4. a) are satisfied. For simplicity, in the 
sequel we assume the initial value x(0) G R is deterministic. Let {V n } be a non-decreasing 
sequence of Borel subsets of L^o so that U^ =1 V n = U$ and /io(V n ) < oo for every n > 1. It 
is easy to see that 

x^ g (x,u)fi (du) 
Jv n 

is a bounded continuous function on R. For n > 1 and x £ R let 

{n, if x > n, 
x, if |acr| < n, (4.3) 
— n, if x < —n. 

By the result on continuous-type stochastic equations, there is a weak solution to 

x (t) = x(0)+ [ a(x(s))dB(s) + f b(x{s))ds 
^ Jo Jo 

ds / g (Xn(x(s)),u)u, (du); (4.4) 
o Jv n 



S 



see, e.g., p21 p. 169]. We can rewrite (I4.4p into 



x{t) = x(0)+ / a(x(s))d5(s) + f [h(x(s)) + ti (V n )xn(x(s))]ds 
10 Jo 



t 

./v, 



(x(s))+ [xn(x(s)) + g (xn(x(s)),u)]fi (du)}ds, (4.5) 



xH>6 2 (z) + / [x„(x) +0o(Xn(z),w)]Ato(du) 



where 



is a bounded continuous non-decreasing function on R. By Theorem 13.21 the pathwise 
uniqueness holds for (|4.5j) , so it also holds for (|4.4p . Then there is a pathwise unique strong 
solution to (I4.4p . Let {W n } be a non-decreasing sequence of Borel subsets of U2 so that 
U^ =1 W n = U2 and Hi(W n ) < 00 for every n > 1. Following the proof of Proposition 2.2 
in [II] one can see for every integer n > 1 there is a strong solution to 

x (t) = x(0)+ / a(x(s))dB(a) + [ b(x(s))ds 
t Jo Jo 

+ / / #o(Xn(^(s-)),^)No(ds,d«) 
Jo Jv n 

+ [ [ g 1 (x(s-),u)N 1 (ds,du). (4.6) 

JO JWn 

By Theorem 13.21 the pathwise uniqueness holds for (I4.6P , so the equation has a unique 
strong solution; see, e.g., [16l p. 104]. Let us denote the strong solution to ([4.6p by {x n (t) : 
t>0}- By Proposition SU for every / G C 2 (R), 

/(x n (i)) = f{x n (0)) + [ A n f{x n (s))ds + mart., (4.7) 
Jo 



where 



Anf(x) = -a(x) f (x)+ D go{Xn{xlu) f(x)fi (du) 
+ b(x)f'(x)+ A gi{XjU) f(x)m(du). 



Wn 

Lemma 4.2 Suppose that conditions (4. a) and (3.a,b) are satisfied. If x n — > x as n — > 00, 
then A n f(x n ) — > Af(x) as n — > 00. 

Proof. Let M > be a constant so that |x|, \x n \ < M for all n > 1. Under the conditions, 
it is easy to see that 

x h-> / g {x,u) 2 no(du) + / n)|^i(du) 
is a continuous function for each /c > 1. By Dini's theorem we have, as k — > 00, 



:= sup 

IsKAf 



go{x,u) u. (du)+ / |5i(x,n)|/ii(rfn) 



0. 
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Let y n = Xn(x n ). For n > k we have 



< 



< 



+ 



+ 



< 



Dg (y ntU )f{x n )n (du) - / D go f xu )f(x)no(du) 

D go(y n ,u)f( x n) ~ D go{X)U) f{x) no(du) + \\f"\\e k 
f(x n + 5o(2/n, it)) - fix + g (a;, «)) fM}(du) 
\f{x n )- f{x)\^{du) + \\f"\\e k 
f'{x n )g (y n ,u) - f'(x)g (x,u) ^o(du) 

(X n + 90(yn,u)) - (X + ff (») «)) A*o(du) 

|/(x n )-/(x)M^) + ||/"N 

'Vfc 

+ ll/'ll / \go(Vn,u) - go(x,u)\n (du) 
Jv k 

+ [ \f'(x n ) - f'(x)\\g (x,u)\ti (du) 
Jv k 

< 2 II/'II / lffo(2/n,it) -ffo(»,w)|^o(dit) 

f'HI^ - x| + \f(x n ) - f(x)\}fi (V k ) + \\f"\\e k 

1/2 



+ 



+!/'(*») -/'(z)ltt>(V*) 1/2 / go(x,u) 2 Li (du) 



where 



\go(Vn,u) - go(x,u)\fi (du) < Vo(V k ) \g (y n ,u) - g (x,u)\ fi (du) 
v k L JUo 



1/2 



By letting n — > oo and k — > oo in (|4.8p and using condition (3.b) one can see that 
lim / D go ry n ^f{x n )n G {du) = \ D go{X:U) f(x)fi (du). 

n ->°° JVn JU 

Similarly, for n > k we have 



(4.8) 



(4.9) 



(4.10) 



A gi ( Xn ,u)f( x n)Vo(du) - / A gi u u - ) f(x)ni(du) 
\gi{x n ,u) - gx{x,u)\ni{du) + 2||/'||e fc 



< 



u 2 



+ 



'|||x„-x| + |/0r n )-/(x)| //i (W fc ). 



Then letting n — > oo and k — >• oo and using condition (3. a) one sees 



u 2 



A gi ( XyU )f{x)m{du). 



In view of ()4.10p and (|4.11|) . it is obvious that A n f{x n ) — > Af{x) as n — > oo. 



(4.11) 
□ 
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Proposition 4.3 Suppose that conditions (4. a) and (3.a,b) are satisfied. Then there 
exists a weak solution to \2.2\) . 

Proof. Following the proof of Lemma 4.3 in [11] it is easy to show that {x n (t) : t > 0} is a 
tight sequence in the Skorokhod space D([0, oo), R). Then there is a subsequence {x Tlk (t) : 
t > 0} that converges to some process {x(t) : t > 0} in distribution on D([0, oo), M). By 
the Skorokhod representation theorem, we may assume those processes are defined on the 
same probability space and {x nk (t) : t > 0} converges to {x(t) : t > 0} almost surely in 
D([0,oo),R). Let D(x) := {t > : P{x(t-) = x(t)} = 1}. Then the set [0,oo) \D(x) is 
at most countable; see, e.g., [3 p. 131]. It follows that lim^oo x nk (t) = x(t) almost surely 
for every t G D(x); see, e.g., [3 p. 118]. From (|4.7p and Lemma H~2l it follows that (|4.2p is 
a locally bounded martingale. Then we get the result by Proposition 14.11 □ 



Proposition 4.4 Suppose that conditions (4.a) and (3.a,c) hold with: (i) c = 1, a m = 
2,p m = 1/2; or (ii) c < 1, a m < 2, 1 — l/a m < p m < 1/2. Then there exists a weak solution 
to K2l). 



Proof. In condition (3.c), we can obviously assume f m < f m +i f° r all m > 1. Let 
V n = {u G Uq : fn(u) > 1/ra}. Then the conclusion of Lemma 14.21 remains true. The 
only necessary modification of the proof is that now we consider n > k > M. Then 
\x\, \x n \ < M implies \x\, \y n \ < k, so we can replace (14. 9ft by 



\go(y n ,u) - g (x,u)\fj, (du) < \y n -x\ Pk / f k (u)u Q (du) 
v k Jv k 

< k\y n -x\^ [ \fk{u) A fk{u) 2 ]fio(du). 
Then the result follows as in the proof of Proposition 14.31 □ 



5 Strong solutions 

In this section, we prove the existence of the strong solution to (I2.ip . Let (o~,b, go, g±) be 
given as in the second section. We assume the following linear growth condition on the 
coefficients: 

(5. a) there is a constant K > such that 

cr(x) 2 + / g (x,u) 2 fi (du) + / gi(x,u) 2 m(du) 



+ b{x) 2 +(^j |5ri(x,u)|/xi(d<u)^ <K(l + x 2 ), x£l, 



Theorem 5.1 Suppose that conditions (5. a) and (3.a,b) are satisfied. Then there is a 
pathwise unique strong solution to i2.1\) . 
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Proof. By Proposition 14.31 for each integer m > 1 there is a weak solution to 



x{t) = x(0) + / a( Xm (x(s)))dB(s) + / b( X m(x(s)))ds 



+ 



+ 



9o(Xm(x(s-)),u)N (ds, du) 



JU 
t 



Xm° 9i(Xm(x(s-)),u)N 1 (ds,du). 



(5.1) 



JU 2 



The pathwise uniqueness for the equation follows from Theorem 13.21 Then there is a 
unique strong solution {x m (t) : t > 0} to (|5 . 1 [) : see, e.g., [TBI p. 104]. Let r m = inf{t > : 
l^mWI > m }- As in the proof of Proposition 3.4 in |15] it is easy to get 



E 



1+ supx m (sAr m ) 2 < (l + 6E[x(0) 2 ])exp{6iT(4 + t)t}. 

0<s<t - 1 



Then r m — > oo as m — > oo. Following the proof of Proposition 2.2 in [TT] one can show there 
is a pathwise unique strong solution to (|2.2p . Then the result follows from Proposition 12. 11 
□ 



Theorem 5.2 Let a m be the number defined in &3.5\) . Suppose that conditions (5. a) and 
(3.a,c) hold with: (i) c = 1, a m = 2,p m = 1/2; or (ii) c < 1, a m < 2, 1 — l/a m < p m < 1/2. 
Then there exists a pathwise unique strong solution to i2.1\) . 

Proof. Based on Proposition 14. 4\ this follows similarly as Theorem 15.11 □ 



6 Non-negative solutions 



In this section, we derive some results on non-negative solutions of the stochastic equation 
(|2.ip . Let (<r, 6, go , g\ ) be given as in the second section. In addition, we assume: 

• b(x) > and o{x) = for x < 0; 

• for every u G Uo we have x + go(x, u) > if x > and gof^ = if x < 0; 

• £ + g\(x, u) > for u E U\ and 

Then, by Proposition 2.1 in [TT], any solution of (|5.ip is non-negative. By considering 
non-negative solutions, we can weaken the linear growth condition of the parameters into 
the following: 

(6. a) there is a constant K > such that 

b(x)+ \gi(x,u)\m(du) < K(l + x), x > 0; 
Ju 2 

(6.b) there is a non-decreasing function x i— >■ L(x) on M + so that 

<t(x) 2 + / go(x,u) 2 no(du) < L(x), x > 0. 
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Theorem 6.1 Suppose that conditions (6. a) and (3.a,b) are satisfied. Then for any x(0) 6 
R + there is a pathwise unique non-negative strong solution to \2. 1]) . 



Proof. By conditions (6. a) and (3.b) one can show that the parameters of (|5,ip satisfy 
condition (4. a). Then for each integer m > 1 there is a non- negative weak solution to (15. lj ) 
by Proposition 14.31 The pathwise uniqueness for (|5.ip holds by Theorem 13.21 so there is 
a unique non- negative strong solution to (15, ip . Then the result follows as in the proof of 
Proposition 2.2 in [11]. □ 

Corollary 6.2 (Dawson and Li [7j) Given < x(0) < 1 there is a pathwise unique strong 
solution {x(t) : t > 0} to ifO)) such that < x(t) < 1 for all t > 0. 

Proof. Observe that q(x, r) = for x < and x > 1. For any < x, z, r < 1 we have 

< x + -Z(/(x, r) = zl| r .< :c } + (1 — z)x < 1. 

Then < x(0) < 1 implies < < 1 for all t > 0. The function x i— > x + q(x,r) is 
clearly non-decreasing and for any < x, y < 1, 

^(dz) / z 2 |g(x, r) — r)| 2 (ir = [|x — y| — (x — y) 2 ] / z 2 ^(dz) 
o JO JO 

< |x — y\ / z 2 i^(dz). 

JO 

Then the result follows by Theorem 16.11 □ 

Corollary 6.3 (Doring and Barczy [8]) Given x(0) > there is a unique non-negative 
strong solution to il.4}) . 

Proof. It is easy to see that x \— > x + g(x, u, r) is a non-decreasing function. For any 
x, y > we have 



o 



dr I (g(x,u,r) - g(y,u,r)) fi (du) 

(1 - e- u ) 2 fi (du)[x + y- 2(x- x A y'^xy] 
(l-e- u f^{du)\x-y\. 



'o 

By Theorem 16.11 there is a unique non- negative strong solution to the equation. □ 

Theorem 6.4 Suppose that conditions (6.a,b) and (3.a,c) hold with: (i) c = l,a m = 
^iVm = 1/2; or (ii) c < 1, a m < 2, 1 — l/a m < p m < 1/2. Then there exists a pathwise 
unique non-negative strong solution to <I2.1)) . 



Proof. This follows similarly as Theorem 16.11 Here condition (6.b) is used to guarantee 
condition (4. a) is satisfied by the parameters of (|5.ip . □ 
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